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» First principle
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» Equation for passive scalar
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» Navier-Stokes equations
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» First principle
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» Equation for passive scalar
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» Continuity equation
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Boussinesq Approximation

> Splitting thermodynamic variables into a basic state ¢ and a variation 3™

T(x,y,2,t) = To(x,y,2) +T"(x,y,z,t)
p(x,y,2,t) = po(x, y, 2) +p*(x,y,2,t)
p(x,y,2,t) = po(z) +p"(x,y, 2, t); P* <<
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Boussinesq Approximation

> Splitting thermodynamic variables into a basic state ¢ and a variation 3™

T(x,y,z,t) = To(x,y,2) +T"(x,y,2,1)
p(x,y,z,t) = po(x,y,z) +p*(x,y,2,t)
p(x,y,z,t) = po(2) +p"(x,y, 2, t); P << o
> Hydrostatic equilibrium, geostrophic wind (not included in Boussinesq)
Op _ 10p _ o 10m _
Oz = —&po 0 Ix - 3] o ay = Itg
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Boussinesq Approximation

> Splitting thermodynamic variables into a basic state ¢ and a variation 3™

T(x,y,z,t) = To(x,y,2) +T"(x,y,2,1)
p(x,y,z,t) = po(x,y,z) +p*(x,y,2,t)
p(x,y,z,t) = po(2) +p"(x,y, 2, t); P << o
> Hydrostatic equilibrium, geostrophic wind (not included in Boussinesq)
Op _ 10p _ o 10m _
Oz = —&po 0 Ix - 3] o ay = Itg

» Equation of state

dp _dp _dT
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» Navier-Stokes equations
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» Navier-Stokes equations
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» Navier-Stokes equations
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» First principle
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» Equation for passive scalar
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Boussinesq Approximated Equations
» Navier-Stokes equations

ou; n ouy u; 1 Bp e fun e f n T—-Tg 05, . A% u;
= iifiu 3k U v
ot 8Xk /)0 6 ijk iUk i3k 13Ukg g i3

TO an
» First principle

oT oT 2T

T tUkg =5 +Q
ot 0 2
) . Xk ﬁxk This set of equations
» Equation for passive scalar is valid for almost all
oY oY 0% kind of CFD models!
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LES - Scale Separation by Spatial Filtering (1)

> LES technique is based on scale separation, in order to reduce the number of
degrees of freedom of the solution. | W(x;, t) = W(x;, t) + V'(x;, t)
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LES - Scale Separation by Spatial Filtering (1)

> LES technique is based on scale separation, in order to reduce the number of
degrees of freedom of the solution. | W(x;, t) = W(x;, t) + V'(x;, t)
> Large / low-frequency modes W are calculated directly (resolved scales).

> Small / high-frequency modes W’ are parameterized using a statistical model
(subgrid / subfilter scales, SGS model).
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Scale Separation by Spatial Filtering

LES - Scale Separation by Spatial Filtering (1)

LES technique is based on scale separation, in order to reduce the number of
degrees of freedom of the solution. | W(x;, t) = W(x;, t) + V'(x;, t)
Large / low-frequency modes W are calculated directly (resolved scales).

Small / high-frequency modes W’ are parameterized using a statistical model
(subgrid / subfilter scales, SGS model).
These two categories of scales are seperated by defining a cutoff length A.
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LES - Scale Separation by Spatial Filtering (II)
» The Filter applied is a spatial filter:
W(x,-) :/DG(X,- —x,-/)\ll(x,-/)dx,-/

U(x)=0 but W#£U(x)

i1 | Leibniz
1 0j Z ] Universitat
to g4 | Hannover

PALM group PALM Seminar



Scale Separation
(o] T}
Scale Separation by Spatial Filtering

LES - Scale Separation by Spatial Filtering (II)
» The Filter applied is a spatial filter:

W(x,-) :/DG(X,- —x,-/)\ll(x,-/)dx,-/

-/

U(x)=0 but W#£U(x)

> Filter applied to the nonlinear advection term:

Uty = (Ok + up ) (07 + ul) = Uk U7 + Ogu} + v ; + v uf

Cri Ry
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LES - Scale Separation by Spatial Filtering (II)
» The Filter applied is a spatial filter:

W(x,-) :/DG(X,- —x,-/)\ll(x,-/)dx,-/

-/

U(x)=0 but W#£U(x)

> Filter applied to the nonlinear advection term:

Uty = (Ok + up ) (07 + ul) = Uk U7 + Ogu} + v ; + v uf
—_————
Cri Ry

Rii: Reynolds-stress

Cyi: cross-stress

Lyi: Leonard-stress

Tki: total stress-tensor
generalized Reynolds stress
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Scale Separation by Spatial Filtering

(o] lo}

LES - Scale Separation by Spatial Filtering (II)

» The Filter applied is a spatial filter:

W(x,-) :/DG(X,- —x,-/)\ll(x,-/)dx,-/

-/

V(x)=0 but

U £ U(x;)

> Filter applied to the nonlinear advection term:

Ensemble average:

\U(X,') = W(X,‘)

~

Uy = Uy Uj + uj U

Uty = (Ok + up ) (07 + ul) = Uk U7 + Ogu} + v ; + v uf

—_————
Cri
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Rii: Reynolds-stress

Cyi: cross-stress

Lyi: Leonard-stress

Tki: total stress-tensor
generalized Reynolds stress
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LES - Scale Separation by Spatial Filtering (II)

> The Filter applied is a spatial filter: _Ensemble average:

B \U(X,') = W(X,‘)
V(x;) = /D G(xi — x,-/)\ll(x,-/)dx,-/

~

Uy = Uy Uj + uj U
!

V(x)=0 but v # V(x)

> Filter applied to the nonlinear advection term:

Uty = (Ok + up ) (07 + ul) = Uk U7 + Ogu} + v ; + v uf
—_————
Cri Ry

> Leonard proposes a further decomposition: Rii: Reynolds-stress
_ Cyi: cross-stress
Uk U = Tk Ui + (T U — T Ti) Lyi: Leonard-stress
—_————

L Tki: total stress-tensor

generalized Reynolds stress
ukltj = Uk Ui + L + G + R = Uk Ui + 7
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LES - Scale Separation by Spatial Filtering (I11)

Ensemble average:

V(x;) = V(x)

Ul; = Tk U; + u U

11 [ Leibniz
1 0j Z ] Universitat

tog4 | Hannover

PALM group PALM Seminar /11




Scale Separation
[efe] ]

Scale Separation by Spatial Filtering

LES - Scale Separation by Spatial Filtering (I11)

> Volume-balance approach (Schumann, 1975)
advantage: numerical discretization acts as a
Reynolds operator

WV, 1) = e Ay a /// UV, t)dV’

V(x)=0 and
Vv

= |Xx— —/—,x+ —

5 5 Y=yt =

2 2

Ax Ax} [ Ay AY} {2_
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V(x) = V(x)

Ul; = Tk U; + u U
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LES - Scale Separation by Spatial Filtering (I11)

> Volume-balance approach (Schumann, 1975) _Ensemble average:
advantage: numerical discretization acts as a V(x) = V(x)
Reynolds operator
Tpl; = Tk U; + u U
v \/ t V/ dvl Uk Uj Uy Ui kUi
( )= Ax-Ay-Az Ay AZ ///
W(X,') =0 and
Ax Ax Ay Ay Az Az
V= X‘z’”z} [y_2’Y+2} {Z‘z’”z}

> Filter applied to the nonlinear advection term:

W = (G + u)(G + 6]) = 0T + U 0]
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> The previous derivation completely ignores the existance of the computational grid.
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> The previous derivation completely ignores the existance of the computational grid.
» The computational grid introduces another space scale: the discretization step Ax;.

» Ax; has to be small enough to be able to apply the filtering process correctly:
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ou;  Ouxu; 1 Op* - _ T-To 0%t Oty
_ - YF o F s 5 _
ot Oxk po Ox; SijkTjtk T Eizklslk, T8 To 3TV (9X£ Oxk

> The previous derivation completely ignores the existance of the computational grid.
» The computational grid introduces another space scale: the discretization step Ax;.

» Ax; has to be small enough to be able to apply the filtering process correctly:
AX,' S A

» Two possibilities:
1. Pre-filtering technique
(Ax < A, explicit filtering)
2. Linking the analytical filter
to the computational grid resolved
(Ax = A, implicit filtering)

resolved
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» Requires that the analytical filter is applied explicitly.

» Rarely used in practice, due to additional computational costs.
> Implicit filtering:

» The analytical cutoff length is associated with the grid spacing.
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» Explicit filtering:
» Requires that the analytical filter is applied explicitly.
» Rarely used in practice, due to additional computational costs.
> Implicit filtering:
» The analytical cutoff length is associated with the grid spacing.
» This method does not require the use of an analytical filter.
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» Explicit filtering:

» Requires that the analytical filter is applied explicitly.

» Rarely used in practice, due to additional computational costs.
> Implicit filtering:

» The analytical cutoff length is associated with the grid spacing.

» This method does not require the use of an analytical filter.
» The filter characteristic cannot really be controlled.
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The Filtered Equations

Explicit Versus Implicit Filtering

» Explicit filtering:
» Requires that the analytical filter is applied explicitly.
» Rarely used in practice, due to additional computational costs.
> Implicit filtering:
» The analytical cutoff length is associated with the grid spacing.
» This method does not require the use of an analytical filter.

» The filter characteristic cannot really be controlled.
» Because of its simplicity, this method is used by nearly all LES models.
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The Filtered Equations

Explicit Versus Implicit Filtering

» Explicit filtering:
» Requires that the analytical filter is applied explicitly.
» Rarely used in practice, due to additional computational costs.

> Implicit filtering:
» The analytical cutoff length is associated with the grid spacing.
This method does not require the use of an analytical filter.

The filter characteristic cannot really be controlled.
Because of its simplicity, this method is used by nearly all LES models.

v vYyy
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Schumann, U., 1975: Subgrid scale model for finite difference simulations of turbulent flows in
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The Filtered Equations
The Final Set of Equations (PALM)
> Navier-Stokes equations:
ou,  Jumu 107 S 0—6. 0w O
ot TX/( %TX, i fjUi +€:3kféukg +gT05,3 + Vaxz Ix,
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The Filtered Equations

The Final Set of Equations (PALM)

> Navier-Stokes equations:

o _ _dmkw _ 197 — et + ekt + 707_ 005- -|-7/82E _ Om
ot o Oxk 0 OX; k3K i3k 3 Hke £ 0o i3 8XE Oxk

normal stresses included in the stress ten-
sor are now included in a modified dynamic
pressure:

ro— . 1.5
Tyi = Tki 37'_//510

T = ﬁ* + %Tjj(;k,'
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The Filtered Equations

The Final Set of Equations (PALM)

> Navier-Stokes equations:

ou; oux u; 1 07" _ g—@o BZU,' (97'[
= — ——— —¢gjkf i3k — 0 !
ot Oxe - EijkljUk + €i3kf3liy + & % 3+ v

8XE N axk

> First prlnCIPIe (USIHg pOtentlaI normal stresses included in the stress ten-
temperature): sor are now included in a modified dynamic

— _ pressure:
% - ‘8579 - %Hk + Qo Thi = Thi = 370
X Xk T =P+ 370k
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The Filtered Equations
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The Final Set of Equations (PALM)

> Navier-Stokes equations:
ow  omuw 107

ot Oxk po Ox;

> First principle (using potential
temperature):
@ _ mé OHj
ot OXk OXk

» Equation for specific humidity
(passive scalar)
dq _  Jukq  OWi
ot OXx Oxk

+ Qw

PALM group

_ _ -6
——— — — o — il + €3k Uk, +g7‘9 %613 + v
o

827,' . 87'/(/,'
8XE axk

normal stresses included in the stress ten-
sor are now included in a modified dynamic
pressure:

ro— . 1.5
Tyi = Tki 37'_//510

7

=p"+ %Tﬂék;
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The Final Set of Equations (PALM)

> Navier-Stokes equations:
ow  omuw 107

ot Oxk po Ox;
> First principle (using potential
temperature):
@ _ mé OHj
ot OXk OXk

» Equation for specific humidity
(passive scalar)

dq _  Jukq  OWi

ot = ox  ow
» Continuity equation

oy

e =

——— — — 5 — €iifilk + €izkfalik, + &§—5—0diz + v

7 — 0o ’u  or;

190 8)(,3 N axk

normal stresses included in the stress ten-
sor are now included in a modified dynamic
pressure:

[ P
Tyi = Tki 37'_//510
=%
v

=p"+ %Tﬂék;
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The Filtered Equations
The Final Set of Equations (PALM)
> Navier-Stokes equations:
ot ourw;, 1 o7 . _ 0— 6o 8w ol
=——F— — ——— —gifitk + iz hU —— 3 +v -
ot an £0 Ox; il Uic + EiskT3 ke te 6o 3 8XE axk
> First prinCiple (USing pOtentiaI normal stresses included in the stress ten-
temperature): sor are now included in a modified dynamic
_ _ pressure:
06 oml OH, PR
— = _ — = ki — Tki 37-_/jkl
ot OXk OXx +Q '

» Equation for specific humidity
(passive scalar)

dq _  Jukq  OWi

ot = ox  ow
» Continuity equation

o _

8Xk

7

P+ 370k

subgrid-scale stresses (fluxes) to be parameter-
ized in the SGS model:
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